We have numerically solved the coupled ordinary differential equations (ODEs) representing the ballooning modes in toroidally rotating tokamaks. The ODEs were derived by the eigenfunction expansion of the ballooning mode, of which the governing equation was originally derived as a partial differential equation (PDE). Generally, the truncation of the coupled ODEs to a finite number can generate essential differences between the solutions to the ODEs and to the corresponding PDE, because the truncation reduces the degree of freedom of the motion of the oscillators, or the expansion coefficients. The comparison between the solutions shows that the regularized eigenfunctions used for the expansion, developed by Furukawa and Tokuda (2005 Phys. Rev. Lett. 94, 175001), efficiently confine the motion of the oscillators in the phase space with a small number of dimensions; the solution to the truncated ODEs can approximate well the ballooning mode obtained as a solution to the corresponding PDE within a finite time.
Introduction
The stability of the high-n (n is the toroidal mode number) ballooning mode [1, 2] in rotating tokamaks is one of the central issues in fusion-plasma research. When the tokamak plasma rotates only in the toroidal direction, the ballooning modes are governed by coupled wave equations along the magnetic field line [3] . The coefficients of the wave equations depend on time through the wave vector, which includes the stretch effect by the rotation shear. Numerical solutions showed that the rotation shear stabilizes the ballooning mode [4, 5] , and the stabilization is due to the damping of the perturbation energy by the rotation shear [6] . In order to investigate this phenomenon further from the view point of spectral theory, we derive an incompressible ballooning equation in toroidally rotating tokamaks as [7] ρ
where ξ ⊥ is a component of a plasma displacement vector,ρ, U , f and g are functions of the angle coordinate along the magnetic field line ϑ ∈ (−∞, ∞) and ϑ +Ωt, anḋ Ω is the ratio of the rotation shear to the magnetic shear. The boundary condition is ξ ⊥ → 0 as ϑ → ±∞. If the rotation shear is dropped, this equation reduces to the well-known ballooning equation in a static plasma [1] . The operator L is exactly the same as the so-called ballooning operator of which spectral properties have been well investigated. Then, one might expect that ξ ⊥ can be expanded by the eigenfunctions of −ρλξ = Lξ where λ is the eigenvalue. However, the ballooning operator L yields the continuous spectrum at the stable side, therefore it may not be applicable to numerical studies. Then we developed a method to regularize such singular eigenfunctions [8] ; we introduce a weight function h as
where h is chosen so that (1.2) becomes the Sturm-Liouville problem [8, 9] ; h ∝ (f/ρ)ϑ −4 for |ϑ| > ϑ mod and h = 1 elsewhere, where ϑ mod is a constant. Then, we can expand ξ ⊥ by the regularized eigenfunctions. In [9] , we solved (1.1) as an initialvalue problem, and expanded the solution ξ ⊥ by the regularized eigenfunctions. Then we found the stabilization mechanism of the ballooning mode by the toroidal rotation shear as the energy transfer from the unstable eigenmode to stable (propagating) modes.
In this paper, we numerically solve the set of coupled ordinary differential equations (ODEs) representing the ballooning modes in toroidally rotating tokamaks. The ODEs were derived by the eigenfunction expansion of the ballooning mode, which is originally governed by a wave equation. We truncate the couplings among the ODEs for the oscillators or the expansion coefficients, and compare the results with the solution to the wave equation (Sec. 2). The solution to the truncated ODEs does not necessarily approximate the solution to the wave equation, since the truncation reduces the degree of freedom of the motion of the oscillators or the expansion coefficients. Conclusions are given in Sec. 3.
Reconstruction of ballooning mode by the truncated ODEs
If we expand ξ ⊥ by ξ j , which are the eigenfunctions of (1.2), as
and substitute into (1.1), we obtain a set of countably infinite number of coupled ODEs as [9] 
where the coupling coefficients are defined as If we truncate the couplings to a finite number and solve the ODEs, we may obtain the time evolution of a j and the reconstructed function
Energy transfer among coupled oscillators representing a ballooning mode
As mentioned in Sec. 1, however, ξ rec ⊥ does not necessarily approximate the ξ ⊥ obtained by solving (1.1) since the truncation restricts the motion of a j in a finitedimensional phase space. In the following, we truncate the ODEs as N 30 and choose ϑ mod as 10π. This is based on the previous results; in [8] , (1.1) is solved as an initial value problem and the solution ξ ⊥ is expanded by the regularized eigenfunctions ξ j . In that case, ξ ⊥ was approximated in a good accuracy by taking 15 modes with larger energy |a j | 2 among 200 modes (j = 1 -200); the eigenvalue is ordered as λ 1 < λ 2 < · · · but the energy is not. At various timings, the 15 modes with larger energy appeared within j 30, even though we took 200 eigenmodes. Therefore, we expect that ξ rec ⊥ may give a good approximation to ξ ⊥ , a solution to (1.1), if we truncate the ODEs with N = 30. Figure 1 shows dϑ|ξ ⊥ | 2 calculated by ξ ⊥ as a solution to (1.1) and dϑ|ξ
by the truncated ODEs for several values of N . We see that the deviation of the reconstruction from the original becomes increasingly large for t/τ A 200 even for N = 30. This is because ξ ⊥ propagates and the foot of it has gone out of the region with |ϑ| < ϑ mod where h = 1. Then our eigenfunctions are going to lose their sensitivity to the ballooning mode and the motion of a j must not be restricted in the N = 30 phase space. Figure 2 shows |a 1 | 2 and |a 2 | 2 obtained both by expanding ξ ⊥ as a solution to (1.1) (referred to as orig.) and by the truncated ODEs (reconst.). We see again that the truncated ODEs give a relatively good approximation to the original during a finite duration of time. It should also be mentioned that the energy transfer from the unstable mode |a 1 | 2 to the stable mode |a 2 | 2 is successfully reproduced even though this phenomenon occurs in a significantly rapid time scale. Therefore, our eigenfunction expansion method is useful for deriving a small number of coupled ODEs of which solution approximates the ballooning mode in toroidally rotating tokamaks within a finite time, as well as to expand the ballooning mode obtained from the wave equation as in the previous study [9] .
Conclusions
We have numerically solved the ODEs representing the ballooning modes in toroidally rotating tokamaks. The ODEs were derived by the eigenfunction expansion of the ballooning modes, of which the governing equation was originally derived as a partial differential equation. Even though we truncated the couplings to a finite number, the solution well approximates the ballooning mode within a finite time: by choosing suitable eigenfunctions for the expansion, the motion of the oscillators is well confined in a phase space with a small number of dimensions. This is because we have utilized the ballooning operator to generate the eigenfunctions. The utility of our method is limited in time since the ballooning mode propagates and goes out of the region where the eigenfunctions have sensitivity to the ballooning mode.
